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We investigate boundary bound states of sine-Gordon model on the finite-size strip with Dirichlet 
boundary conditions. For the purpose we derive the nonlinear integral equation (NLIE) for the 
^O ■ boundary excited states from the Bethe ansatz equation of the inhomogeneous XXZ spin 1/2 chain 

with boundary imaginary roots discovered by Saleur and Skorik. Taking a large volume (IR) limit 
we calculate boundary energies, boundary reflection factors and boundary Liischer corrections and 
compare with the excited boundary states of the Dirichlet sine-Gordon model flrst considered by 
Dorey and Mattsson. We also consider the short distance limit and relate the IR scattering data 
^~^, with that of the UV conformal field theory. 

1 Introduction 

> ■ 

,__! ■ Boundary integrable field theories in two dimensions have been investigated mainly by two approaches. 
O ■ The boundary bootstrap approach determines the reflection amplitudes in a factorized iS-matrix frame- 
^~7 I work which is valid in the large volume (IR) limit [1]. In a small volume, on the other hand, the 
• ' underlying quantum field theories can be described as perturbed boundary conformal field theories. 
I . Complete understanding is possible only after the two approaches are linked in such a way that the 
t — ■ ' states and operators in the alternative formulations are exactly matched. 

O ' The nonlinear integral equation (NLIE) has been most effective in linking the two descriptions for 

K*' ■ the sine-Gordon model. The NLIE for the bulk theory has been started several years ago by various 

k> i authors OS]. An evident advantage of this method is that it can deal with excited states relatively 

;— I I easily as shown with great success in the bulk sine-Gordon model [HE]- The NLIE is a sort of continuum 

limit of the Bethe Ansatz equation (BAE) of an inhomogeneous alternating spin 1/2 XXZ chain model 

which regularizes the sine-Gordon model while keeping integrability This method has been extended 

to the sine-Gordon model defined on a strip with two boundaries. The ground state NLIE for the 

Dirichlet boundary conditions (BCs) has been studied in [6] and for general non-diagonal BCs in [7]. 

The bulk excited state NLIE for the Dirichlet BCs has been analyzed in |8] and the hole excited state 

for a general non-diagonal BCs in [9j. In the present paper we investigate how this method can be 

extended to the boundary excited states for Dirichlet BCs. 

The complete spectrum of boundary excited states of the Dirichlet sine-Gordon (DSG) model on 
a half line with one boundary has been constructed by Dorey and Mattsson (DM) by inspecting the 
analytic structure of the reflection matrix in a bootstrap approach pO]. They found a rich structure of 
excited boundary states, the boundary bound states (BBS). These states are the scattering states which 
can be defined only in the IR limit of the finite size setting. It is important to relate the IR states with 
the UV conformal states appearing in the small volume description for the complete understanding of 
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the DSG model. In this paper we analyze carefully the "imaginary roots" of the boundary XXZ BAE, 
first discovered by Saleur and Skorik [TTj. Prom this we derive the NLIE including the imaginary roots 
which describes the BBSs of the DSG in the whole scale. Taking the IR limit of the NLIE, we can 
show that there is a one to one correspondence between the purely imaginary roots and the DM BBSs. 
The paper is organized as follows: In section 2 we summarize the available results of the DSG model. 
We start by analyzing the conditions for the existence of the imaginary roots of the inhomogeneous 
spin 1/2 XXZ model. The NLIE, derived from the lattice BAE, contains parameters originating from 
the XXZ model which should be compared with the bootstrap solution [10]. We analyze the large 
volume limit of the NLIE in section 3 and find agreement with the BAE classification. This leads to 
full physical interpretation of the energy levels described by the NLIE without any source and the one 
with imaginary roots only. We do it in two steps, first with the simpler repulsive case and then the 
more complicated attractive one. In both cases the proposed correspondence between the various source 
terms and the DM spectrum of BBSs are derived from the soliton and breather reflection amplitudes 
and matching of the boundary energies. As a final check we compare the finite size energy correction 
derived from the NLIE to the boundary Liischer correction [12]. Section 4 deals with the calculation 
of the conformal dimensions of underlying boundary conformal field theory by taking the UV limit of 
the NLIE, which gives another convincing support of our result. We conclude and give the outlook for 
future investigations in section 5. 

2 Derivation of the NLIE 

In this section we summarize the results available in the literature tailor-made for future applications. 

2.1 Imaginary Roots of the Bethe Ansatz equation 

To derive the NLIE for the DSG model, we consider anti-ferromagnetic XXZ spin 1/2 model in a chain 
of A^ sites with lattice spacing a, coupled to parallel magnetic fields /i_ and /i+ at the left and right 
boundaries, respectively. Its Hamiltonian is written as 

N-l 

n{-f, h+, /i_) = -JY1 i«+i + ^>l+i + cos7«+i) + h+al + h.af^. (1) 

n=l 

Here o"^, a = x,y,z are Pauli matrices on the n-th site and the anisotropy is < 77r. Whenever 
necessary, we will use another coupling constant p defined by 

TT 

p = 1, 0<p<oo. 
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The BAEs for the boundary XXZ chain ^ have been derived by Alcaraz et al. [13] and Sklyanin 
[H] using an algebraic Bethe ansatz approach. The BAEs are coupled equations for a set of M roots 
which have distinct values 6i, . . . , 6m with M < N/2; 

M 
k=l,k^j 

where we introduced a short notation 

^_ sinh^(3;+^) 
'^^"^ - sinh^.-^)- 

The boundary parameters H± in the BAEs are related to those in the Hamiltonian by 

. ^ 27r(/f± + l) 

a± = sm cot 



p+l p+l 
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In addition to real and complex roots, we are interested in the "imaginary" roots which have vanishing 
real parts. These objects, first observed by Saleur and Skorik [H], depend on the boundary parameters 
of both sides independently. For simplicity, we set the value of /i_ so that it does not introduce any 
imaginary root and recall from ^1] how the existence and locations of the imaginary roots depend on 
the values of /i_)_ in the limits when A — > oo and A^ — > oo. Defining kj by 

e"^ =si{ej+A)si{ej-A), 

one can see that an imaginary root with 6j = iuj in the A — > cxd limit satisfies 



f^n 






with 
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cosh 
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Now we look for some "string" solution in the form of 



ii- 



ttH. 



+ ipTT + ej) 



where e^'s are supposed to be exponentially small in the N ^ 00 limit. Following |llj, we denote it as 
^^{n,m) string" if j can take integer values from — n to m. Then, the BAEs take the following form 



e^"^^ oc e. 



e^-^^ oc 



£m— 1 1 

e-i - e-2 _ 
eo - e-i 



g^,n-lAf ^ 



^m fjn— 1 



e'^'^ oc '' 



(i-i 



e«+i - ^l 



e'^^^eo oc ^ 



e-i 



ei -eo 



. g._„+iiv ^ ^z!l±L 



e-^-"^ oc 



e-n+2 — e-n+1 



e-n+1 



where we have omitted finite factors in the proportionality. Since all the €j are small we can determine 
them recursively starting from both —n and m. They are consistent provided 



^m < U , Km + Km.^1 < U , • • • , Km ~r Kf^—i -\- . . . -\- Ki < U, 

K-n > , K_„ + K^n+1 > , . . . , K_„ + K.^n+1 + • • • + H-1 > 0, 



(2) 
(3) 



and 

K_„ + K-n+1 + . . . + K_i + Ko + Km + Km-1 + ■ . . + Ki > 0. 

In solving these inequalities we are interested in the domain in H^ for a fixed p in which the (n, m) 
string can exists. Since at some point we want to make connection with the BBSs we introduce the 
parameter: 

H+ = p{l - 2e+/7r) 

For small/large enough ^+ the boundary state is absent and we are going to determine the value of 
^+ at which such a string can enter/leave the physical strip. For this we plot sin(^Uj) which is the 
relevant part of Kj together with the {n,m) string on Figure 1. 



sin(2u/(p+l)) 



7t(p+l) 




Figure 1: The boundary condition dependent factor of Kj in the {n,m) string 



From ([2]) we can see that such a state appears when the average of ui and Um is exactly 

P^o = 2(1+^)- 
So for the existence we need ui + Um > vr(p + 1) that is 

From ([3]) we can see that U-n > is also needed that is 

e+>(2n + l)| 

Finally from ^ we can see that the state disappears when U-n + Um > vr(p + 1) since we have too 
many points in the negative part of the sine function. So for the existence of the (n, m) string we also 
need 

e-.<^ + (n + 2-m)|. 

2.2 NLIE: the continuum limit of the BAE 

Based on the BAE, the NLIE equation determining the counting function Z{9) in the continuum limit 
N ^ 00 can be written as [8] 

Z{e) = 2MLsmh9 + g{e\{ek})+Pbdry{0) 

- 2ilm I dxG{d -x-ie) log [l - {^-i)Msc ^iZix+ie)-] ^ ^^^ 



where -Pbdry(^) is the boundary contribution given by 



i^bdry(^) = 27r / dx[F{x, H+) + F{x, if_) + G{x) + J{x)] (5) 

^0 



'0 

r>oo 

G{0) = I E nZu^l':.. ^'"^ for |Im0|<vrmin(l,p) 



dk sinh|(p-l)A; .^^ 
_oo 2tt 2 sinh ^pk cosh ^k 



00 



dksmhj{p — l)kcoshj{p+l)k -j^q ^ it /ii , "^ 



J(0) = / ^ , ' VT —e"^, for llm^l < -min(l,p) 

^ ' y_oo2vr sinhfpfccoshfA; ' 112^'^^ 

We have introduced a mass scale M which will be identified with that of a soliton and the finite size 
Lby 

L = Na, M = -e~^. 

a 

The "source" term is given by 



where 



xiO) = 2^ /" dxG{x) 
Jo 



and {6k} is the set of position of the various objects (holes, close and wide roots, specials) characterizing 
a certain state. They satisfy the quantization rule 

Z{ej) = 27rlj , Ij eZ + ^ p = Msc mod 2 . 



The coefficients Ck are given by 

+ 1 for holes 



(^7 

- 1 for all other objects 



and for any function /(-(?) we define 



fn{6) for wide roots 

f{0 + ie) + f{9 — ie) for specials 

f{6) for all other objects 



where the second determination of f{6) is defined by 

i- /n\ f /(^) + /(^ - ^■^ sign 106*) if p > 1 „ 1^ _, ■ M \ 

hl{0) = { irn\ irn ■ t m t 1 for Im(9 > TT min(l, p) . 

I 7(6') - /(6I - 27rp sign Im6') if p < 1 ' ' ^^^ 

For the vacuum state containing real roots only, Eq.dH) coincides with the one found some years 
ago in [6]. Once the equation is solved for Z{0 + ie) one can use this result to compute the Z{0) 
function at any value in the analyticity strip |Im^| < 7rmin(l,p), provided the function -Pbdry(^) is well 
defined there. To extend the function outside this analyticity strip one has to resort to the following 
modification of the NLIE 

Z{e) = 2MLsinhne + 5n(^|{^fc}) + Pbdry„W 

- 2ilm / dxGii{e - X - ie) log 1 - {^-i)^isc ^iZ(x+ie) 

The continuum limit of the counting equation which restrict the allowed root configuration is given by 

Nh - 2Ns = -{sign{H+) + sign(F+)) - 1 + Mc + 2Mwstep{p - 1) + m. (6) 

(The integer m appearing here is related to possible winding of the sine-Gordon field, see next section). 
Once Z{9) is known, it can be used to compute the energy. It is composed of bulk and boundary 
terms whose expression can be found in [6] and a Casimir energy scaling function given by 

E = M"^CkCos\k)ek-M f ^smhxQix). ; Q(a;) = 29mlog [l - (-l)^^scei^{^+i^)l (7) 

2.3 Relation to Boundary sine-Gordon model 

The continuum limit of the inhomogeneous XXZ spin 1/2 chain describes the sine-Gordon model. If 
we introduce diagonal {az only) boundary condition on the spin chain, the continuum limit should 
describe the DSG model, whose action can be written as 



-1 foo fL 

-^DSG = T, I dt dx 
^ J-00 Jo 
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(^M*^) +-5/COS/30 



with the Dirichlet boundary conditions 



27r 27r 

(j) (0, t) = 0_ -I- —7^- ; 4>{L, t) = 4>j^ + -T"i+ 1 ■'^i £ ^■ 

p p 

Notice that the bulk and boundary parameters of the DSG and spin chain models are related by [6] 

P~^ = ^-i, ; ^±=p(it|<A±). (8) 



This model has several important applications ranging from condensed matter physics to string 
theory. An important feature of the DSG model is the conservation of the topological charge 



^ 27r 



L 



d 



dx-—(j){x,t) -(/>+ + 
'^^ 



m+ — r?T,_ E Z 



The model enjoys the discrete symmetry of the field (/> — > + %^m and simultaneously (/>± — > </>± + 
%m (m G Z). The charge conjugation symmetry cj) — > —cj) sending solitons into anti-solitons is also 
guaranteed, provided 4)± -^ —4>± simultaneously. 

The well known bulk particle spectrum of sine-Gordon model is composed of solitons and anti- 
solitons with topological charge 1 and —1 respectively, and their bound states known as breathers in 
the attractive regime < /3 < \/47r and of course they are also part of the DSG spectrum. Another 
important part of the spectrum of the DSG model in the half line theory - i.e. in the presence of 
one boundary only - is the complicated spectrum of the BBSs described in ^0]. In addition to the 
bulk S-matrices [IS] and boundary reflection matrices for the soliton or anti-solitons [J, the complete 
excited boundary reflection matrices in the presence of the BBSs have been found in jTO] . 

The DM result on the BBSs of the half line theory can be summarized as follows. First, define two 
sets of variables 

(2n + l)7rp 
^n = ^P ^ = z^o - npir ; n > 

(2m- — l)7rp 
Wm = vr-^p = 7r-i/_m. 

where the bootstrap parameters p and ^ are related to those of the Lagrangian as 

^ = J- ' ^^ = ^^^ ^'^ 

Whenever a condition 

TT 

- > l/„, > Wm-i. > fna > • • • > 1«mfc > i^n^ > • • • > (10) 

is satisfied, a BBS can exist. If the last variable is of v type, then the BBS is denoted as 

|l;ni,mi,... ,nfc_i,mfc_i, n^) 
and if it is of w type, then the state is denoted as 

|0; ni,mi, ..., n^-i, mfc_i, n^, rrik). 
The energy of such a state relative to the ground state is given by 

E\0/l;n,,mu...,n,_„m,_u...) = Y. M COS Un^ + ^ M COS '. 



> Wrrij ■ 
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The boundary reflection matrix on excited boundaries can also be derived. We denote by P^J^,0) 
the boundary reflection matrix element of a soliton on the ground state boundary. The boundary 
parameter dependent part reads as [TTj 

M ^ mS) J^o^ 2smh^pkcosh^k '■ ' 

The reflection factor of solitons on the |1; 0) excited boundary is given by 

Z^+o^ {6, = P^) {0, Oa{0 - ivo)a{e + iu^) ^ P+^ {6, (12) 
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where a{9) = e*-^' •* describes the sohton-sohton S-matrix element. The reflection factor on the general 
boundary is given by 

|o/i;ni,mi,...,nfc_i,mfe_i,...) - |o/i> ii aiO - ivn)a{e + iua) ^\ 
Using the identity 



__^- iVQ)a{9 + ivq) ^^ a{9 — iwQjaiO + iwo) 



iwmk)a{e + iwmk)a{e - i(7r - Wmk))a{e + i(7r- w^J) ^ ^ 



a{0 — iuQ)a{6 + ivo)a{0 — iwo)a{6 + iii^o) 

which comes from the unitarity and crossing symmetry of the bulk S-matrix, the general reflection 
factor is equivalent to 

p+ ^ p+ TT aje - iunjaje + iun^) 

|0/I;ni,mi,...,nfc_i,mfe_i,...) |0/1) 11 a(6) _ ^(y^ _ Wmf,))a{e + i{TT - W„J) ' 

On physical grounds one expects that the DSG model on the strip with two boundaries should 
have in general pairs of the DM type BBS in the spectrum when L ^ oo. In this paper we consider 
a somewhat simpler situation where the boundary parameters on one boundary do not allow any DM 
bound state. In this case, one expects that only one set of the DM BBSs are present in L — > oo 
limit. In the following we show how the solutions of the NLIE with purely imaginary roots meet this 
expectation. 

3 Large volume behavior of the NLIE 

In this section we provide the interpretation of the boundary strings of the NLIE in the large vol- 
ume limit by mapping them to the boundary bound states classified by DM. First we show that the 
asymptotic analysis for the existence of a boundary string in NLIE is equivalent to the BAE analysis, 
then we focus on their interpretation. For pedagogical reasons we present the results for the repulsive 
regime first, where we have at most one BBS and then turn to the more complicated problem of the 
attractive regime. Finally we confirm our findings by calculating the boundary Liischer corrections for 
the ground-states. 

3.1 Large volume analysis of the boundary excited state NLIE 

The aim of this subsection is to replace the e analysis for the (n, m) strings in the BAE by a source 
term analysis in the infrared (IR) limit of the NLIE (|3]). In this analysis the counting function Z{9) is 
replaced by its asymptotic (large volume) form: 

Z (d) = 2MLsmhd + Pbdry(^) - Y.(x{0 - Ok) + x{0 + ^fc)), (14) 

k 
and the quantization condition is obtained from 

^iz{ej)^l_ j = l,... (15) 

Using the relations ([H]) and ^ the boundary parameters H± are related to the DM E,± parameters as 

i?±=p(lT— ). (16) 

vr 

Some care is required for Eqs. (ll4|15l) since one may have to use Xwide(^) instead of x{0) depending on 
the location of the roots and also the second determination form of all the quantities. The expectation 
is that from this asymptotic analysis one can obtain the same string like objects as from the e analysis 



in the BAE. This would confirm the relevance of the results of the e analysis, as here we work with the 
(large volume limit of the) exact ground state(s) as opposed to the pseudo- vacuum in the e analysis. 

In this analysis we keep -ff_ in the domain where we expect no bound state on this boundary 
(0 < H- < 2p) while we let H^ to move from a similar domain into — 1 < H^ < where bound states 
are expected. Consider first the zero string case when in Eq. ffT^ there are just two source terms with 
±^0 and assume if+ is positive < H^ (i.e. ^+ < vr/2). Using the well known identity 

,.P..(.) _ ^o)(^'^^)^o)(^'^-) (17) 

a{2e) ^ ' 

where P^J9,^) is the Ghoshal-Zamolodchikov ground state soliton reflection amplitude (fTTj) and a{6) 
denotes the bulk soliton-soliton scattering the only equation in Eq. lfTSl) becomes: 



a(2eo)a(2^o) 

An imaginary root corresponding to a BBS would show up in the form of a solution ^o = ^^o + ^ with 
vq in the physical domain (0 < fo < f ) and e — > for L — > oo. This can happen only if wq is a pole of 
one of the P+'s. However, they have no poles in the physical strip when both C± < f . (Note that the 
a's in the denominator cancel also the boundary independent poles of the two P"'"'s). Thus for both 
H± positive this asymptotic analysis gives no hint of a bound state. This is also consistent with the 
counting equation © that for H± > and Nh = allows only a solution with Mc = 0. 

Now let H+ become negative, but still consider the zero string case since the counting equation 
now allows Mc = 1. The crucial observation is that the exponential of ii-bdry(^) contains in this case 
the excited state soliton reflection amplitude P,'^,q,{9,^^): 



|1;0)* 



-l<fl"+<0 



a{20) 



In DM [To] P^.qJO,^,^) is expressed in two equivalent ways: 



vr 



P+o^(0,C+) = P+ (0,e+)a(0 - i^o)aie + i^o), ^t;o)(^,e+) = P\o)i(^,^+) = ^J)(^,C+ " " " ^)- 

The first form is natural from the bootstrap point of view and makes it easy to see that P.^,q,{9,^^) 
has poles at iuq and at iu^n for A^ = 1, 2, . . ., while the second form (where the over-line describes the 
transformation ^+ — > 7r(l + p"^) — £,+) is useful to verify the integral representation. To support the 
claim we write here F{9^Hj^) for if+ > 0: 

°° dk ,j..sinh(/cp(C+ + |-)) 



and for H+ < 0: 



^ ' +^ 'oo27r 2sinhf /fccoshf/t' 



°° dk .^^smh{kp{C+ - TT - ^)) 



F{9,H+)= — e 



27r 2sinh^A;coshfA; 



showing that they are indeed connected by the transformation in the second DM form. Note that this 
implies that in this domain oi H± the integral equation describes the excited state |1;0). 
Using this observation in Eq. lfTS]) leads to the quantization condition 



a{29o)a{29o) 
Since P,'^,qJ9,^^) has poles in the physical strip this equation admits a bound state solution 

0o = i(i/o + e) with e~i?e-2A^^^''^'^o, 



(where iR is the residue of the pole at ivo) satisfying the requirements described earlier. Eq. ffTS]) is 
correct if ^o is in the first determination; but this condition is met in a domain where ^+ just exceeds 
7r/2 (i?+ is just below 0) both in the p > \ (repulsive) and in the p < 1 (attractive) domains. Even 
for these ^+-s the poles of i^j'.Q, (^,^+) at iv-N are in the second determination thus cannot be used 
to find solutions to Eq. (fT8]) since the form of the equation changes there. Furthermore in the repulsive 
regime also the counting equation would require to introduce something else (possibly moving objects) 
to compensate the presence of the wide roots. 

If £,+ exceeds 37r/2 then also Iuq gets into second determination (f o > pir) and we have to reconsider 
the asymptotic analysis and the solution we found even for the zero string case. (Since ^+ < ^max = 
^(1 +p~^), ^+ = 37r/2 is in this allowed range only \i p < 1/2 in the attractive domain). In the 
quantization condition, Eq. ffTS]) . now Z{6q)ii appears, where 

Z {9o)jj = 2ML{smh.6o — sinh(6'o — ipir)) + Pbdry(^o) — -Pbdry(^o — ip^^) — source 

with 

source = (x(20o) + x(2^o - 2ip7r) - 2x(20o - ipvr)). 

As a consequence Eq. (fT5]l now takes the form: 

^»2ML(sinh9o-sinh(eo-»p7r)) -^l;0)(^°' ^+)^|0) ^^°' ^-^ (a(2go - ipTT)f ^ ^ 

a{2eo)a{26o) P+,^^{eo - ipTT,^+)P+^ieo - ipn,^^) ' ^ ' 

Note that the Pi^.q\ in the denominator cancels all but the iuQ pole of Pi~\^.q\ in the numerator, thus 
Eq. lfTOl) admits only a bound state solution of the form 

9o = iiy^ + e) with e ~ ji^-'^ML{s.nv^-^^'^{u^-p^)) _ 

Thus the asymptotic analysis gives a possibility for a zero string bound state solution if Hj^ < 
independently whether iuq is in the first or in the second determination. However, since the source 
terms are different in the two cases (x -^ Xwide for iuq in the second determination), the interpretation 
of the bound states is different: while in the first case it corresponds to the ground state, in the second 
it corresponds to the state |1; 1) as described in subsection 3.2. 

Let's now turn to longer strings that may appear only in the attractive regime, where wide roots 
can be added freely to the NLIE since their number cancels from the counting equation ([6]). To describe 
how these string like structures appear form Eq. lfTSl) note that most of the imaginary roots of the string 
are in the second determination thus Eq. (fT5]) takes the form 

Z{e) = 2MLsmhe + Pbdry(e) - Y. Un{9 - 9j) + xJiiO + 9,)) 

j=n 

The location of the roots are 9j = ivj + iej{L), where we suppose that ej{L) ^ as L ^ oo. If 
Qm{9n) < piT then the term corresponding to j = n in the sum is replaced with xi9 — 9n) + x{9 + 9n)- 
The other terms are defined as fjj{9) = f{9) — f{9 =p iTrp). We also suppose that Qm{9-m) < tt since 
we need a BBS state with non-vanishing energy. 

The position of the roots is determined by the quantization condition e^^n^^^) = \ for wide roots 
and e *- "•* = 1 for the close root if there is one. The condition can be written as 

^2»MLsinh+ (e.) e''''-'"^-^"^''^ «(2gfc - i^P? jr I = 1 ^201 

a{29k) a{29k-2i7rp)fJ-^afji9k + 9,)fjaJj{ek-9,)+j ^ ' 



Since e ^A/ismi/fc ^ q jj^ j-j^g Jjniit L ^ co we have to analyze the singularity structure of the function 

appearing in . 
Furthermore 



appearing in Eq. (f20]) . The analysis of the zero string case showed that - — ^.^g -. — has a pole at 9 = ivq. 



^iA^)ii 



a{9 + i'Kp)a{9 — iirp) 



has a pole at 9 = mp and a zero at ^ = —mp. Focusing on the divergent terms in Eq. (|20|) one obtains 
the equations: 



^(An+l— An)i 



oc er, 



en-1 



p(An — Xn — \)L 



,(A2-Ai)L 



OC 



,{Ai-Ao)L ^ m 



ei-eo 



^n-l— gn-2 . 

(Ao— A_i)L ^ 



o{Afc— Afc_i)L 






<?fc-l— 'Sfc-2 . 



eo-e-1 



py^^ — va + X A_j7ijlj py^ 



^-m + l—^—m) 



where A^ = 2Msinz^fc and whenever On is a close root then in the first equation we have to put 
An+l = 0. 

Since all the e-s have to go to zero as L ^ oo these equations lead to the following requirements: 



A 



n+l 



< A^ 



A-m < A- 



-m+1 1 



An+1 < A„_i ; 

A-m > A„-(_i 
A-m < A_m,+2 ; 



A, 



n+l 



<Ai 



A-m < An 



The strongest condition from the first line is A„+i < Ai which means i^i — ^ < ^ — Vn+i- The second 
requirement can be translated to V-m ~ f < f ~ ^n+i which is equivalent to t'n+i < vr — v^rn = Wm- 
Finally the strongest condition from the last line is A_m < Aq which is equivalent to Wm < f^. These 
last two conditions are completely equivalent to the ones Saleur-Skorik obtained for the (n, m) strings 
from the BAE on the one hand, while they are also consistent with the DM bounds (jlOp on the other. 



3.2 Bound-state NLIE in the repulsive regime 

In this subsection the interpretation of the BBS in the repulsive regime is elaborated. The validity 
range of the pure NLIE - Eq.Q without source terms - as it is derived from the BAE using Fourier 
transformation, is —2p — 2 < H± < 2p + 2. We give its interpretation in this full range. The symmetry 
H± — > H± + 2p + 2 of the BAE survives at the NLIE level (can be checked also by explicit comparison), 
thus the [0, 2p + 2] domain is equivalent to the {—2p — 2, 0] domain. One possibility to compare with 
the DM spectrum is to put a particle between the two boundaries and analyze its reflection factors by 
comparing the large volume limit of the NLIE with the Bethe-Yang quantization condition. We recall 
this analysis from [BJ here. 

In the repulsive regime in the half line theory we have at most one BBS and its energy can be 
plotted as function of the boundary parameter ^ as shown on Figure 2. 




-2^0 I^^O -^0 "I 



^ ^0 2^-^ 2^0 
2 02 



Figure 2: Shematic figure of the boundary condition dependent part of the energies of the various 
ground-states 

Figure 2 is schematic and shows only the ^ dependent part of the boundary energies of the ground- 
state, £'|o)(0 = —-f^TE [SI; and the BBS, -E'|i;o) = -^'lo) + cosfo- The discrete symmetries £, ^^ —^ 
and ^ — > 2^0 — C induce maps between the states |0) — > |0)* and |0) — > |1; 0) but in the same time the 
soliton has to be exchanged with the anti-soliton. The two theories ^ and — ^ are not equivalent so we 
distinguish their states by star. The transformation ^ ^^ ^ + 2^o maps |1;0)* — > |0) and |0)* — > |1;0) 
without changing the species. These transformations correspond to the (p — > —(p, </>—>% — </) and 
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1^ — > ^ + % transformations of the Lagrangian and, by means of them, the parameter range of the 
theory can be restricted to (/> G [0, 5] or equivalently to ^ G [0, ^o]- 

The boundary condition dependent part of the reflection factor of the sohton on the ground-state 
boundary can be written as (fTTI) which is vahd in the domain < ^ < ^. The bound at | signals the 
pole of the reflection factor which corresponds to the boundary state |1; 0). The integral representation 
is valid also for — §(1 + 2p^^) < ^ < but here it corresponds to the state |0)*. The validity range of 
the integral representation is marked with the arrow on the figure. 

Now putting one hole into the pure NLIE for 2p > H± > 0, and comparing the large volume limit 
of the quantization condition to the Bethe-Yang equation 



JZidi) 



1 



,2JMLsmheigiP|o)(C+,ei)giP|o>(C-A) = I 



one arrives at the identifications of the parameters (fT6]l . Let us fix ff_ in the domain [2p,0] such that 
this boundary does not allow any bound-state and scan the whole —2p — 2 < H^ < 2p + 2 range on 
the other boundary. The previous findings show that the integral equation in the domain if+ € [0,p] 
describes the ground state |0). They also show that in the range H+ S \p,2p + 2] it describes the |0)* 
state instead. This is interesting since for H^ £ [2p, 2p + 1] there exists a BBS in the spectrum but 
the pure NLIE corresponds to the ground-state. The same NLIE in the if+ G [2p + 1, 2p + 2] domain 
describes the BBS, and using the symmetry H ^ H + 2p + 2 we can conclude that it corresponds also 
to the excited boundary state |1;0) in the H^ G [~liO] range. For H^ G [—2 —p,—l] it describes the 
|1; 0) ground-state. This can also be confirmed by comparing the reflection factor of the soliton on the 
state |1; 0) to the result coming from the NLIE for H^ < 0. 

In summarizing using the reflection factors of the solitonic states we conclude that the pure NLIE 
describes the state marked with -|- for H+ > and the one marked with — for H^ < in Figure 3. 




2p-t-2 2p-i-l 2p 



Figure 3: The pure NLIE describes the state marked with + 

The boundary energies cannot be calculated either from the NLIE or from the bootstrap since in 
both approaches the ground-state energy is normalized to and energy differences can be determined 
only. 

Let us introduce a boundary imaginary root in the NLIE ([IJ. The BAE and the asymptotic analysis 
of the NLIE predict the position of the root to be 



tu 



i^{n{2p + 2) 



H~ 



n£ Z 



which we plot on Figure 4. 

On Figure 4 the first determination is below iir marked with a dashed line while the self- conjugate line 
indicated by a dotted line is at i^(l + p). Exactly when i/+ = 2p the n = 1 imaginary root appears 
at in. Adding it to the NLIE via the source term — x(^ — iu) — xiP + 'i''^) modifies the reflection factor 
and increases the energy by — Mcosn. Clearly this is positive for //+ < 2p -|- 1 zero for //+ = 2p + 1, 
negative between 2p -|- 1 < i7+ < 2p + 2 and leaves the imaginary axis oi H = 2p + 2. So from 
comparing the energy differences between the pure NLIE and the NLIE with the imaginary root added 
we suspect that the later one describes the state denoted by the dotted line on Figure 5. 
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(1+p) 



2p+2 2p+l 2p p 

Figure 4: The straight Hnes show the location of the imaginary root as a function of H 




2p+2 2p+l 2p p 0-1 

Figure 5: The NLIE with the imaginary root added describes the state marked with the dotted line 



This can be confirmed also by putting one additional hole and analyzing the reflection factors, which 
we show below. 

Since all these states can be described in the p > H^ > — 1 or equivalently in the < ^+p < |(l+p) 
domain we focus on this from now on and summarize the previous findings. The pure NLIE describes 
the ground-state |0) for the range p > H+ > 0, while for the range > H^ > — 1 it describes the state 
|1; 0). If we, in this range, add an imaginary root located at iuq (where uq = vq = p^ — ^) we change 
the energy by — Mcosfo and the logarithm of the reflection factor by —x{u — ii^o) — xW + ^^o)- The 
energy of this state is then 

E = -E|i;o) — M COS uq 

while the reflection factor is 



|i;0)^ ' a{e - iua)a{e + iua) 

from these two expressions we can read off (fT2l) that the state with the imaginary roots at ztii'o added 
is the ground state |0). 

We can argue another independent way that the state with the root added in the if+ S [0, —1] 
range describes the ground-state. We can perform an analytic continuation of the pure NLIE from the 
if+ > domain. This method is standard and was used frequently to obtain the excited states in the 
TBA equations pHJ HJl [18]. By changing the sign of Hj^ two singularities of log(l — e*^) are crossing 
the contours and by encircling them and picking up the residue terms the NLIE with one root pair 
added can be obtained from the pure NLIE. 

3.3 Bound-state NLIE in the attractive regime 

In this subsection we map the large volume limit of the boundary strings to the BBSs of DM in the 
attractive regime. Since all states can be described in the p > Hj^ > — 1 domain we concentrate only 
on this range. First we figure out the correspondence from the boundary energies and then confirm 
our findings by comparing the solitonic reflection factors, too. 
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From the bootstrap point of view the properties of the first excited boundary state |1; 0), such as 
energy and reflection factor, are the same as in the repulsive regime and the interpretation of the pure 
NLIE is completely analogous: for H+ > it describes the ground-state |0), while for — 1 < i7_|_ < 
it corresponds to the BBS |1;0). In the attractive regime, however, where breathers are also in the 
spectrum we can confirm this assignment independently by analyzing the large volume behavior of the 
first breather. 

In doing so we insert a self-conjugate root into the large volume limit of the pure NLIE ^ 

Z{e) = 2MLsmhe + Pbdryi0)-{xii{O-a)+XiiiO + a)) ; a = Oq + i^ip + 1) 

and compare the e^^^'^>" = 1 quantization condition to the first breather's Bethe-Yang equation 

gi2miLsinheo^W (0^)^W (0p) = 1 (21) 

Here rrii = 2M sin ^ is the mass of the first breather and 



^(i)(,)^(2±a(D. 



{3+p)e 



ip-\H\ + Del ' ^'^' = 



sinh(| - i^] 



denotes its reflection factor |JJ]. Using the integral representation of the combination 

ix)e+i^ix)-e+i^ =exp 



'2 ^ ' " ' ' 2 



dt ite sinht(l — I) 
— e - ^ ^^ 



oo 



t cosh(t/2) 



together with the identity {1 + p)i2Lzrg = (^ — p)i^±e one can indeed map the quantization condition 
(fTSl) to the Bethe-Yang equation (f2T]) . Furthermore, from the first breather's reflection amplitude 
emerging from this comparison one can see that the pure NLIE describes the ground-state |0) for 
H+ > 0, while for H+ < it gives the BBS |1; 0). 

Once we know the interpretation of the pure NLIE we turn to the analysis of the (n, m) string 
allowed by both the BAE and the asymptotic analysis of the NLIE. We include the following source 
term in the NLIE 

j=~n+l 

and at the same time make the corresponding modification of the energy 



E = -M ^ cosniuj) - I 



cos//(u_„) if u-n > vrp 
cos(ti_„) if n_„ < irp 



j=-n+l 

The contribution of the wide and close roots reads explicitly 

source = —x{d — ium) — x{G + ium) ', E = — M cos Um 
if u^n < PTT and 

source = -x{O-iUm)-x{0+iUm)+X{0-''-U-n-l)+X{0+'iu^n~l) ; E = -M COS Um + M COS U-n-l 

if U-n > pTT. The NLIE and the BAE is periodic with period Z7r(l +p). From now on we use the 
imaginary strip between and 7r(l + p) as the fundamental range in contrast to the usual [— f(p + 
1)) f (p + !)]• Roots with negative imaginary parts are mapped to the upper half plane by the u — > 
u + 7r{l + p) transformation as is demonstrated on Figure 6. 
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f(p^l) 



pjt 




II 

o 



-pK 



° %+l) 



2 
Figure 6: The two fundamental strips used to describe imaginary roots 

Taking any allowed root — vrp > u > — f (p + 1) we replace it with the root u = u + 7r(p + 1) which 
is now in the strip |(p + 1) < n < vr. In the energy formula the corresponding change is to replace 
cos//(n) by cos//(m), but they are equal since 

cos//('u) = cos(n) — cos(n + np) = cos(n — irp — it) — cos{u — vr) = cos u — cos{u — irp) = cos//(ti) 

Similarly in the source term we replace x//(^ ~ ^"w) + Xii(,G + ^^) by Xii{G — iu) + xiii^ + ^■'^)- Their 
equality follows from the fact that Xlli^ ~ ^^) + X//(^ + iu) is symmetric ioi u = ^(j)+ l),which is a 
consequence of the identity (fT3]) . 

Let's analyze now the boundary energy as well as the reflection factors of the solitons in case of 
the {n,m) string added. To make correspondence with the BAE we remark that uq = uq = ^p — ^. 
As a consequence 

We start the analysis with the simplest m = string. We have to distinguish two cases as shown 
on Figure 7. 



O "o O "o 



^ fn+n-- 




















o 




o 


n 


pT: 


o 




O u_„ 







O 


U-ll 




I 



I > I l;n+l> 

Figure 7: The figure of the two possible (n, 0) strings 

In the first case (left) n_„ < irp. The energy compared to the state |1;0) (described by the pure 

NLIE) is 



E = £^|i;o) — M y^ COS// Uj — M cos v^ = -E^|i;o> ~ M cos uq 

j=n 

while for the reflection factor we obtain the factors 
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This is the same result we obtained in the repulsive regime when added one root at zuq thus we conclude 
that it describes the ground-state |0). So the ground-state corresponds to the longest string and this is 
true as far as < I'o < f which is equivalent to > H-^^ > — 1. This result was obtained also by [11| . 
Let us note that we can describe the ground-state by analytic continuation in H^ as we did in the 
repulsive case. The difference being, that once H+ reaches the value when Un{H+) enters the physical 
strip we have to move it through the integration contour which results in its source term. That is why 
the longest possible (0, n) string gives the vacuum. 

Suppose now that «_„ > Trp (right on the figure) so the bottom root is in the second determination, 
too. Using the second determination of the cosine function we obtain the energy as 

E = -E|l;0) - COS Z^o + cos Vn+l 

while the reflection factor turns out to be 

a{9 - ivn+i)a{9 + iun+i) 



p+(0) = p+ 



0) 



iuQ)a{9 + iz/QJ 



This is all consistent with the proposal that this string corresponds to the state |l;n -|- 1). From the 
DM analysis we know that this state exists when Un+i > which is just the statement m_„ > np we 
obtained from the asymptotic analysis. 

Consider now the most general (n, m) string with m > 0. Distinguish again two cases depending 
on whether U-n < Trp or u_„ > np as shown on Figure 8. 





OUn, 


OUn, 




O 


o 


'^ fn+n 


Ou„ 


O"0 


^ (,p+ij 








o 


o 




o 


Ou_„ 


p7t 






- 


O u_n 





|0;0,m> I l;0,m,n+l> 

Figure 8: The figure of the two possible (n, m) strings 
In the first case (left) U-n < vrp the energy of an (n, m) string is 

E = E'li-o) - COSUm = -^ii-o) + COSWm 



while the reflection factor is 



p+{e) = p. 



1 



l-^'*^^ a{9 + i{'K — Wm))a{9 — i{'K — Wm)) 



P,t 



a{0 — ii'Q)a{9 + wq) 



l°> a{6 + iijT - Wm))a{9 - {{tt - Wm)) 

Both the energy and the reflection factor is consistent with the identification of the string with the 
|0;0, 77i) BBS. Prom the DM bootstrap analysis we know that this bound-state exists whenever ^ > 
2^0 > Wm > 0. The uq > Wm condition is equivalent to condition ui + Um > vr(p -|- 1) as obtained 
from the asymptotic analysis. The Wm > condition is equivalent to Um < vr which follows from the 
continuum counting equation ([6]). 
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For U-n > T^p the energy of the (n, m) string is 



E = ^ii-o) + COSWjn + COS f„+i 



while the reflection factor is 



p, 



+ ivn+i)a{9 - ifn+l) 



|i;0) a{9 + i{TT - Wm))a{e - i(7r - Wm)) 



From which we can conclude that the corresponding state is |1; 0,r?T,,n + 1). This state exists whenever 
2^0 > Wm > I'n+i > 0. The new condition compared to the previous discussions is Wm > fn+i but this 
is equivalent to U-n + Um < 7r(p + l). So this state exists exactly the same time when the corresponding 
(n, m) string in the BAE. 

Suppose now that to the (ni,7ni) string we have already described we add another (n2,0) string 
with 77-2 < ni- Since n_„2 > ^rp the second string increases the energy by —M cosvq + Mcosi^nj+i so 
changes the zero label to 712 + 1. Explicitly if the original state was |0;0,r?T,i) then the new state is 
|0;n2 + I, mi) if, however, the original was |l;0,mi,ni + 1) then the new state is |l;n2 + l,mi,ni). 
If additionally to the (ni,mi) string we add another (71-2, 7712) string with 77,2 < rei and ?7i2 < 77Zi,then, 
since U-n2 > t^P, the second string increases the energy by cosWm2 + cosi^„2+i so adds two labels. 
Concretely if the original state was |0; 0, r?ii) then the new state is |0; 0, 1112,112 + l,mi), if , however, it 
was |1; 0, mi,ni + 1) then the new state is |1; 0, 1712, n2 + 1, ttt-i, ni + l).We have checked explicitly that 
the energy formulas and the reflection factors are consistent with these assumptions. For the existence 
of this state the bootstrap gives the relation fn2+i > if mi but we were not able to find its analogue on 
the BAE side. 



3.4 Finite size correction of the ground-state energy: boundary Liischer correc- 
tion 

In this subsection the large volume asymptotic of the ground-state NLIE is analyzed and compared 
to the Liischer type correction [12]. The general form of this correction, valid in any two dimensional 
boundary quantum field theory, was determined in [12] and first we concretize the results for the 
sine-Gordon model with Dirichlet boundary condition. 

In the repulsive regime {p > 1), where there is no breather in the spectrum, the finite size energy 
correction in leading order is governed by the soliton/anti-soliton reflection contribution as 



EoiL) = Eoioo) - M 



-oo47r 



K-+{-9)K+-{e) + K+-i-9)K,+ie) 



-2MLcoshe _|_ 



where, the boundary fugacities can be expressed in terms of the soliton/anti-soliton reflection factors: 
K+-{e) = R+{q - 9)^ and K^+{9) = RZ{q - 9)^. 

If, however, we are in the attractive domain then the leading finite size correction is given by the 
one particle boundary coupling terms of the breathers: 



Eq{L) = ^o(oo) 



rrir, 



Ip-m-nL _|_ 



nir, 



2Msin 



npiT 



If the one particle terms of the lightest particle, (the first breather), are non- vanishing (7^5^ / then 
the corresponding term provides the leading finite size correction. If any of them is zero (symmetric 
boundary with (J)q = 0) then the leading finite size correction is determined by the second breather's 
term since g^ is never vanishing. 

We are going to recover this behavior from the ground-state NLIE separately for the attractive 
and in the repulsive regimes. In the repulsive case the ground state energy can be described either by 
the pure NLIE for -ff+ > or by including the source term corresponding to an imaginary root for 
H^ < 0. Since the analysis was already done in the first case in [12] we focus on the second possibility. 
The asymptotic form of the NLIE for large volume can be written as 
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Z (9) = 2ML sinh 9 + Pbdry (^) - x(^ - ^o) - x{0 + ^o) 



Jz(eo) 



1 



where we neglected the exponentially small corrections coming from the convolution term. We plug 
this expression into the energy formula 

d9 



E 



M cosh 6*0 - MQm 



2tt 



sinh(3; + it]) log(l — e 



^Z(e+^^7)^ 



and shift the integration contour to r/ = |. In doing so we need to know the analytic structure 
of -Pbdry(^)- Using the relation coming from the soliton quantization condition [S] we can rewrite 
the boundary fugacity in terms of the soliton reflection factors on the two boundaries and the soliton- 
soliton scattering as in (fT7|) . This provides the analytic continuation into the domain where the original 
integral representation is not valid. For H^ < the appearing (excited state) reflection factor has a 
pole at iuQ. This pole is exponentially closely accompanied with a logarithm of zero singularity at 9o. 
In shifting the contour we take care of these singularities by encircling them with the contour. We use 
that <f 2^-^^ log(/(^)) = ^ig{iu±), (where it applies whenever at u± the function / has a pole/zero) 
and obtain the contribution of the singular terms: 

-M cos z^o + ^ cosh 6io 

The volume (^o) dependent terms cancel, the term — Mcosz^o gives contribution to the boundary 
energy (£'o(oo)) while the integral term with its contour shifted to i^ gives the same integral term 
it gave in the H-^^ > case and reproduces the expected correction. The cancellation of the volume 
dependent terms is the consequence of the fact, that the ground state NLIE with the source term 
(i7+ < 0) can considered as the analytic continuation of the ground state (and pure) NLIE from the 
Hjf- > domain in H^. 

In the attractive regime things are more complicated even for the H^ > case, where there is now 
BBS in the spectrum. Even if e*^bdry(S) ^iggg j^q^ contain boundary dependent poles in the physical strip 
it has poles which correspond to boundary Coleman-Thun mechanisms [20]. Both the reflection factors 
and the bulk scattering matrix contain Coleman-Thun type poles at u^ = mnp/2 corresponding to 
on-shell diagrams presented on Figure 9. 






Figure 9: Coleman-Thun diagrams for the reflection and scattering matrices 
Since the residues are 



RX{e)a OC 



i n-gi 



a{2e) OC -i 



f+-f- 

J n J n 



29-iul ' ' 29-2iu% 

we conclude that e'^'^'^'^y^^^ has single poles at 6* = ivJ\. with residues 



29 -iu": 



In the exponentially small neighborhood of these poles there are also logarithm of zero singularities in 
the energy integral at 



(1 _ giPbdry(«'i")+2iMLsinh(m:i)N ^ q . 
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We calculate the contributions from the poles and zeros as before and obtain the terms 
-M Y^ [cos(0 + iu\)- cos(e + iu!!)] = - ^ ; 



M^^-„.„L 



which exactly reproduces the breather's one particle contributions in the range /7+ > 0, since the 
contribution of the shifted integral is of order e~^^^. 

In the Hj^ < domain we have to include the longest allowed boundary string to describe the 
ground state and additionally to take into account the boundary dependent singularities of (1 — 
g«-Pbdry(s)+2«AfLsmh{e)-j ^j^gjj ^g gj^jf^ ^j^g contour. Since the NLIE with the source terms can be con- 
sidered as the analytic continuation of the pure NLIE from the i?+ > domain we can see that the 
terms coming from the accompanying zeros of the boundary dependent singularities of e '"^'^^ cancel 
with the volume dependent string energies as it was the case in the repulsive regime. 

4 UV Behavior 

In this section we compute the ultraviolet (UV) behavior of the various energy levels. 

As I := ML — > 0, one can calculate the Casimir energy analytically by using the asymptotic 
solution of the NLIE ^. From this it is possible to extract the effective central charge defined by 



Ceff(0 



24L 



vr 



EiL) 



where E{L) is given by Eq.d?]). In the UV limit, one can show that only roots and holes growing as 
— log I can contribute to Ceg. Rescaling the roots and rapidities as 

9^e-logl 

and introducing the kink counting function Z^{6) = Z{9 — log/) together with 

Q+{9) = 29m log (l - e'^+(^)) , 

one can express the effective central charge as 



(22) 



12 

Ceff(O) = — 

TT 



E^'^^''= + /^^^'Q+w 



In addition, the NLIE can be rewritten for the kink counting function Z^{9) as 
where 



and 



Z+{9) = e^ + g+{9\{9k}) +a- 2ilm / dxG{9 - x - ie) log 
9+m9k}) = Y.CkX(k){0-9k) 

k 

a = Pbdry(oo) + 2(25° + 5+)x(oo). 



Here we defined two integers by 

S'' = Nfj- 2N^ -M^- 2M^step(p - 1), a = 0, +, 

where N^ is the number of holes which do not grow in the / -^ limit, etc. 



(23) 
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By following the standard NLIE method [6], one can derive an expression for Aq, defined by 
Ceff = 1 — 24Ao. It is given by 

2 



An 



1 



2p 



Pbdry(oo) + vr + 2^{K + S^) + 2^ 



p + 1 

2p 



S 



87r2 p + 1 
Here the integer K is introduced to relate (5+(— oo) to Z+(— oo) by 

Q+(-oo) = Z+(-oo) + vr + 27rir, 

using the definition of (5+ in Eg. ([22]) . Also S = S^ + S^ can be expressed from Eg. ([23]) by 

S = Nh- 2Ns - Mc - 2Mwstep{p - 1). 



(24) 



(25) 



Since Q+{—oo) should be given in the fundamental domain of the log function, the integer K should 
be fixed in such a way that 

-vr < Q+(-oo) < vr. (26) 

One can relate (I24p to that of the c = 1 conformal field theory with Dirichlet boundary condition 
with compactifying radius R given by 



R 



4tt 



p+l 



P \ 2p 

which describes the UV limit of the Dirichlet sine-Gordon model. One can easily calculate the boundary 
term from Eg.([S|) 



-Pbdry(oo) = TT + TT 



2p 

pTT 



sign(ff+) + sign(f/'_) 



H+ + H. + 2 



P+l 



Using this and Eq.([8|), in Eq. (f24ll the conformal dimension becomes 



An 



vr 



+ mR+-{K + S^ + l] 
H 



(27) 



where the winding number m is defined by 

1 



m = -(sign(i/+) + sign(iJ+)) -1- S. 



Writing here 5 in terms of the holes and imaginary roots as in Eq. (l25|l one can see that this is the 
continuum counting eguation introduced in Eq.(l6]). 

For the Dirichlet boundary condition, the momentum mode (i.e. the term proportional to 1/R) in 
the conformal dimension (ETll must vanish. This gives a condition 

K + S° + 1 = 

which fixes the integer K. If this condition is met, Eq. (f26]l can be written as 

P . cO . r 1 , P 



6-- + -^— < S^ < (5 - - + 

2 p+l 2 p+V 



(28) 



where 6 defined by 



s+ + s_ 



i^"^^"- 



takes values in the domain —1<6<1. With this bound, Eq. (f28]l restricts possible values of 5° 
strongly. For the repulsive casep > 1, the allowed values are S^ = —1, 0, 1 while they are 5*^ = —2, —1, 
for the attractive case p < 1. As a special example, let us consider a case where only imaginary roots 
exist. Since these roots can not have large real parts in the UV limit, the number of these roots should 
be identified with —S^. This means a possible number of imaginary roots in the repulsive case is either 
or 1, which is consistent with the IR analysis in sect. 3. 
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5 Conclusions 

In this paper we investigated the NLIE involving purely imaginary roots for the DSG model on a finite 
interval L. We were interested in describing the DM BBSs thus we investigated the case when the 
boundary parameters at one end of L were "trivial" (i.e. excluded the existence of DM type bound 
states) but on the other end admitted such a state. We found an exact match between the set of 
DM type bound states and bound state solutions of the NLIE albeit sometimes the correspondence 
was surprising: it turned out that in certain parameter domains the pure NLIE (i.e. the one without 
imaginary roots) describes an excited state and one has to add certain appropriate root(s) to get the 
ground state. We established the equivalence by studying the large L solutions of the NLIE from which 
we extracted not only the energies but also the reflection factors. In this process we exploited heavily 
the fact that sometimes the correct NLIE depends on the second determination of certain quantities. 
We confirmed our findings by calculating the boundary Liischer corrections for the ground states and 
by demonstrating that the UV limit of our NLIE reproduces correctly the conformal dimensions of the 
expected c = 1 BCFT. 

With these achievements in hand one can certainly think of the following problems for future 
research: first the numerical investigation of these NLIEs to get information about the finite volume 
behavior of the bound states that asymptotically correspond to DM. Second the extension of the 
NLIE to the case of two non trivial boundary conditions at the ends of the interval L may also prove 
interesting: in this case one expects that, for large L at least, certain pairs of DM bound states 
appear in the spectrum. Recently, using semi-classical quantization for the DSG model, an interesting 
restriction ('matching rule') was derived for the allowed pairs in [21]. The semi-classical procedure in 
the theory with the more general perturbed Neumann type boundary condition revealed the existence 
of some critical volumes Lent beyond which the bound states ceased to exist. It would be interesting 
to see whether these statements are valid in the full quantum theory, i.e. whether they are valid for 
the solutions of the new NLIE. The first step in this direction is to generalize the present discussion 
to the case when a constraint is satisfied between the two boundary conditions allowing a BAE type 
solution of the model |22l ESI [25- The ground-state NLIE in this case was formulated in [^ while 
the hole excited states were analyzed in [9]. Thus there is an evident need for proceeding with the 
description of the BBS which shows the same pattern as the Dirichlet one, see [25] for closing the 
boundary bootstrap in this case. 

The boundary sine-Gordon theory is not the only one exhibiting a complex pattern of boundary ex- 
cited states. Its supersymmetric generalization has an even more complex BBS spectrum [26] and their 
description based on the generalization of the ground-state NLIE derived in [27] is also an interesting 
problem. 
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